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Recap

• Fields (like ℝ, ℚ, 𝔽𝑝)

• Vector spaces (like ℝ𝑛, 𝔽𝑝
𝑛)

• Linear dependence / independence

• Span(S)

• Basis of V

• Steinitz Exchange Principle

• Dimension of finitely-generated vector space
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Existence of bases in general vector spaces

• Any finitely-generated vector space (∃ finite set 𝑇 s.t. 𝑆𝑝𝑎𝑛 𝑇 = 𝑉) has a basis.

• Turns out also true for general vector spaces (even infinite-dimensional).

• Example of such vector space? Polynomials 𝑅 [𝑋] over ℝ, or ℝ over ℚ

• 𝑓 𝑛 = 𝑥𝑛, for 𝑛 = 0,1,2, ⋯

• We define span using finite linear combination (Hamel Basis)

• Generic vector space may not have notion of distance, closeness and convergence

• Proving it uses “Zorn’s lemma” which is equivalent to axiom of choice.

• Won’t get into here.

3



• Dimension is 𝑛.  Standard basis is {1, 𝑥, 𝑥2, … , 𝑥𝑛−1}. 
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Lagrange Interpolation (contd)

• Why unique?

➢ If there were two, say 𝑝1, 𝑝2, then 𝑝1 − 𝑝2 would have at least 𝑛 roots.  But a 
nonzero polynomial of degree at most 𝑛 − 1 can have at most 𝑛 − 1 roots.
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Lagrange Interpolation (contd)
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Lagrange Interpolation (contd)
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Lagrange Interpolation (contd)
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Because all the 
other terms 
evaluate to 0



Lagrange Interpolation (contd)

• Argument works if replace ℝ with any field 𝔽 having at least 𝑛 distinct points. 
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Secret Sharing

• E.g., password, (decryption key for) sensitive data, etc.
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Secret Sharing

One direction: If any 𝑑 get together, can uniquely determine 𝑄 by Lagrange interpolation, 
recover secret by evaluating 𝑄 at 0.
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Secret Sharing

Other direction: 

• If 𝑑 − 1 get together, for any secret 𝑠′, exists a consistent polynomial 𝑄′.  In fact, exactly one.

• Because 𝑄 chosen randomly from 𝑝𝑑−1 polynomials consistent with secret, this means any 
two secrets have the same probability of producing the observed 𝑑 − 1 shares. 12
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Important properties
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Important properties



[Kernel also called “nullspace”]

What is rank of 𝜑𝐴 for 𝐴 =
0 1
1 0
1 2

?

What is rank of 𝜑𝐵 for B=
0 1 1
1 0 2

?
How about nullspace? All multiples of 

2
1

−1
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Rank is 2

Nullspace just 0𝑉 since columns are independent

Rank is 2



[Kernel also called “nullspace”]

How about 𝐴 =
 0 0 0 1 1 1 1 
0 1 1 0 0 1 1 
1 0 1 0 1 0 1 

?
Rank is 3

Nullity is 4

Nullspace spanned by 

1
1

−1
0
0
0
0

,

1
0
0
1

−1
0
0

,

0
1
0
1
0

−1
0

,

1
1
0
1
0
0

−1

(Mapping ℝ7 to ℝ3)
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